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O ! Abstract 
<D 

Q ' Assuming the space dimension is not constant but decreases dur- 

■ ing the expansion of the Universe, we study chaotic inflation with the 
potential m 2 cj) 2 /2. Our investigations are based on a model Universe 

| with variable space dimensions. We write down field equations in the 

■^-j- ■ slow-roll approximation, and define slow-roll parameters by assuming 

the number of space dimensions decreases continuously as the Uni- 
verse expands. The dynamical character of the space dimension shifts 

■ the initial and final value of the inflaton field to larger values. We 
CD . obtain an upper limit for the space dimension at the Planck length. 

This result is in agreement with previous works for the effective time 
variation of the Newtonian gravitational constant in a model Universe 
with variable space dimensions. 
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1 Introduction 



bJQ. 
> 

•i-H 

, 

In recent works g, |3[, the wave function and the dynamics of a model 
Universe with variable space dimension have been studied in detail. In this 
model, the number of space dimensions decreases continuously during the 
expansion of the Universe. There is a dimensional constraint that relates the 
space dimension to the size of the Universe. Here we apply this constraint to 
a simple model of chaotic inflation. A brief review of chaotic inflation with 
variable space dimensions has been given in |4[]. 

Inflationary cosmology has been studied in higher dimensional models; for 
a recent work see Ref. [g . Cosmological scenarios of the new inflationary type 
form a self-similar fractal of dimension slightly less than three ||. Inflation 
with fluctuating dimensions describes the Universe as an exponentially large 
number of independent inflationary domains (mini-Universes) of different 
dimension 0. Inflation can describe the transition from higher dimensions 
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to the ordinary three-space and can also be studied like a dynamical effect 
of higher dimensions || . 

In this paper, we study chaotic inflation in the framework of model Uni- 
verse with variable space dimensions. This new investigation is useful as a 
conceivable application of the idea of variable space dimensions, and as a 
cosmological test of model Universe with variable space dimensions. A more 
appropriate cosmological test like nucleosynthesis or some other well estab- 
lished and precise aspect of cosmology within this speculative model are in 
progress 0. 

Our main results in this paper are: i) an upper limit for the space di- 
mension at the Planck length, ii) a small shift in the value of (pi and 0/ to 
larger values. As we shall see, in this model the number of space dimensions 
at the Planck length must be less than 10, which is in agreement with the 
previous result in [||. We will use a natural unit system that sets ks, c and 

h all equal to 1, so that lp = Mp 1 = yG. 

The paper is organized as follows. In Sec. 2, we review a model Universe 
with variable space dimension. In Sec. 3, chaotic inflation is formulated in 
an arbitrary constant space dimension. In Sec. 4, we study chaotic inflation 
by assuming the space dimension is a dynamical parameter and decreases 
continuously as the Universe expands. Sec. 5 contains our conclusions. 



2 Review of a model Universe with variable 
space dimensions 

2.1 Motivation for choosing a model Universe with 
variable space dimensions 

Problems of the standard model and its difficulties with the concept of quan- 
tum gravity and the early Universe at the Planck time provide us enough 
reasons to look for viable model Universes. Moreover, the ongoing experi- 
ments related to CMB will provide us a wealth of data suitable to test all the 
theories of space-time and gravity. Even the act of verifying cosmological 
models based on general relativity needs looking for viable theories differ- 
ing from it to see the degree of its testability and viability. These are the 
main reasons we are studying chaotic inflation based on time variable space 
dimensions. It has been shown that this idea can be implemented suc- 
cessfully in a gravitational theory and cosmological model based on it. The 
free parameter of the theory may then be fixed by observational data M. 

The idea of having space-time dimensions other than 3 + 1 goes back to 
Kaluza-Klein theory. The generalization of this concept to string theories 
with space dimension more than three, but still an integer, and a constant is 
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well known |T0| , |TTJ. This, being considered for the high energy limit in the 
Universe or for the dimension of space at the Planck time, has encouraged 
people to suggest that the dimension of space in the lower energy limit, or 
for the actual structured Universe, be other than three. 

A possible time dependence of space-time dimensionality is derived as an 
effect of entropy conservation in [12]. There it turns out that, going back in 
time, the dimension increases first very slowly up to about the Planck time, 
and increases more rapidly thereafter. This generic trend is insensitive to the 
assigned entropy value. In fact a minimum value for the size of the Universe, 
being about the Planckian size, is also obtained. The dynamical model we 
are going to follow has the same time behavior for the space dimension. A 
minimum size for the Universe is also built into our dynamical model. 

Our treatment in this paper is based on a cosmological model, where 
the number of spatial dimensions decreases continuously as the Universe ex- 
pands, presented in the pioneer works fll], [13], [14]]. A proposed way of handling 
such a concept is using the idea of decrumpling coming from polymer physics 
[ |T5| , [T6| , Oj. In this model the fundamental building blocks of the Universe 
are like cells being arbitrary dimensions and having, in each dimension, a 
characteristic size S which maybe of the order of the Planck length O(10~ 33 
cm) or even smaller. These "space cells" are embedded in aP space, where 
T> may be up to infinity. Therefore, the space dimension of the Universe 
depends on how these fundamental cells are configured in this embedding 
space. The Universe may have begun from a very crumpled state having a 
very high dimension T> and a size S, then have lost dimension through a uni- 
form decrumpling which we see like a uniform expansion. The expansion of 
space, being now understood like a decrumpling of cosmic space, reduces the 
space-time dimension continuously from T> + 1 to the present value D + 1. 
In this picture, the Universe can have any space dimension. As it expands, 
the number of spatial dimensions decreases continuously. The physical pro- 
cess that causes or necessitates such a decrease in the number of spatial 
dimensions comes from how these fundamental cells are embedded in a I? 
space. 

As an example, take a limited number of small three-dimensional beads. 
Depending on how these beads are embedded in space they can configure to a 
one-dimensional string, two-dimensional sheet, or three-dimensional sphere. 
This is the picture we are familiar with from the concept of crumpling in 
polymer physics where a crumpled polymer has a dimension more than 1. 
Or take the picture of a clay which can be like a three-dimensional sphere, 
or a two-dimensional sheet, or even a one-dimensional string, a picture based 
on the theory of fluid membranes. 

The major formal difficulty to implement this idea in a space-time theory 
with variable space dimension is that the measure of the integral of the 
action is variable and therefore some part of integrand. However, taking 
into account the cosmological principle, i.e. the homogeneity and isotropy of 
space, the formulations are simplified substantially. It then becomes possible 
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to formulate a Lagrangian for the theory and write down the corresponding 
field equations. This Lagrangian is however not unique 

The original decrumpling model of the Universe seems to be singularity 



free, having two turning points for the space dimension Lima and Mo- 
hazzab ]TJ| criticize the way of generalizing the standard cosmological model 
to arbitrary variable space dimension used in [13|] and propose another way 
of writing the field equations. Their model shows no upper bound for the 
dimension of space. Later on this scenario was extended to the class of mul- 
tidimensional cosmological models, where extra factor spaces play the role of 
the matter fields. In this multidimensional cosmological model an inflation- 
ary solution was found together with the prediction that the Universe starts 
from a nonsingular space time [ITS . 



A new way to generalize the gravitational action in constant dimension 
to the case of dynamical dimension is recently proposed by Mansouri and 
Nasseri ]T[|. There, it is shown that the generalization of the gravitational 
action to the dynamical dimension is not unique. Moreover, in contrast to 



the earlier works in |L3], [14]], the dependence of the measure of the action 
on space dimension is taken into account. This new decrumpling model is 
studied in detail |IJ. The generalization of the action, the Lagrangian, the 
equations of motion to dynamical space dimension, the time evolution of the 
spatial dimension, numerical results for the turning points of the model, and 
its quantum cosmology within the concept of the Wheeler-DeWitt equation 
are derived. It is shown that the corresponding potential of the model has 
completely different behavior from the potential of the de Sitter minisuper- 
space in three-space. Imposing the appropriate boundary condition in the 
limit a — > +00, and using the semiclassical approximation, the wave func- 
tion of the model is also derived. It is then seen that in the limit of constant 
space dimension, the wave function is not well-defined. It can approach to 
the Hartle-Hawking wave function or to the modified Linde wave function, 
but not to that of Vilenkin. In the limit of constant spatial dimension, the 
probability density approaches to Vilenkin, Linde and others' proposal; i.e. 
to the probability density V oc exp(2S , £;), or more generally exp(— 2|Se|), 
where Se is the Euclidean action of the classical instanton solution. 



2.2 Relation between the effective space dimension D(t) 
and characteristic size of the Universe a(t) 

Assume the Universe consists of a fixed number N of universal cells having 
a characteristic length 5 in each of their dimensions. The volume of the 
Universe at the time t depends on the configuration of the cells. It is easily 
seen that |TJ, |TJ] 

vol D (cell) =vol Do (cell) 5°-°°. (1) 
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Interpreting the radius of the Universe, a, as the radius of gyration of a 
crumpled "universal surface" [|17]] , the volume of space can be written [|13|, [14 



a D = jVvol D (cell) 

= iyvol Do (cell)(5 D - Do 

= a Do 5 D - D » (2) 



or 



ay _ /ao 
5J = \ 5 



(3) 



where C is a universal positive constant. Its value has a strong influence 
on the dynamics of space-time, for example on the dimension of space, say, 
at the Planck time. Hence, it has physical and cosmological consequences 
and may be determined by observation. The zero subscript in any quantity, 
e.g. in ao and D , denotes its present values. We coin the above relation as 
a "dimensional constraint" which relates the "scale factor" of our model Uni- 
verse to the space dimension. In our formulation, we consider the comoving 
length of the Hubble radius at present time to be equal to one. So the inter- 
pretation of the scale factor as a physical length is valid. The dimensional 
constraint can be written in this form 

It is seen that by expansion of the Universe, the space dimension de- 
creases. Note that in Eqs.(§) and (|J), the space dimension is a function of 
cosmic time t. Time derivative of Eqs.(0) or (|J) leads to 

It can be easily shown that the case of constant space dimension corresponds 
to when C tends to infinity. In other words, C depends on the number of 
fundamental cells. For C — > oo, the number of cells tends to infinity and 
8 — > 0. In this limit, the dependence between the space dimensions and the 
radius of the Universe is removed, and consequently we have a constant space 
dimension. 



2.3 Lagrangian formulations of the model and field 
equations 

Usually, we are accustomed to work with an integer number of dimension, 
and therefore a non-integer total number of spatial dimensions looks peculiar. 
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It is clear that for non-integer value of space dimensions, one cannot define 
the metric tensor. To overcome this problem, we use a gravitational theory 
based on Lagrangian formulations. In Ref. H, some shortcomings of the 



original Lagrangian formulation of the model proposed in [13 have been 
shown, regarding the fields equations and their results. 

Let us define the action of the model for the special Friedmann- Robertson- 
Walker (FRW) metric in an arbitrary fixed space dimension D, and then try 
to generalize it to variable dimension. Now, take the metric in constant D+l 
dimensions in the following form 



ds 2 = -N 2 (t)dt 2 + a 2 {t)dT 2 k , 



(6) 



where N(t) denotes the lapse function and dT? k is the line element for a 
D-manifold of constant curvature k = +1, 0, —1. The Ricci scalar is given by 



R 




+ (D-1) 



2 N 2 k 
+ — 



2d7Vl 
~aN J ' 



(7) 



Substituting from Eq.(^) in the Einstein-Hilbert action for pure gravity, 

S G = ±- I d^xV^gR, (8) 

Ik J 

and using the Hawking-Ellis action (see Ref. [1]) of a perfect fluid, for the 
model Universe with variable space dimension, the following Lagrangian has 
been obtained ffl 



D 



2kN \a 



D 



- D(D-l) 



N 2 k 



pNV D ( - 



D 



(9) 



where k = 8irMp 2 , p the energy density, and Vd the volume of the space-like 
sections 



V, 



D 



2jT (D+l)/2 

r[(D+i)/2] ' 

7r(°/ 2 ) D 

r(D/2+i)^ c ' 

^ (D/2) f(y ) 
T{D/2) J IWi 



if A; = +1, 
if k = 0, 
if k= -1. 



(10) 
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Here xc is a cut-off and f(xc) is a function thereof (see Ref. In the 

limit of constant space dimensions, or D = D , Lj approaches to the Einstein- 
Hilbert Lagrangian which is 



V, 



Do 



Dn 



2kN Va 

a \ D ° 



) D (D 



ay 

a) 



N 2 k 



P NV Do [- 



(11) 



So, Lagrangian Lj cannot abandon Einstein's gravity. Varying the La- 
grangian Lj with respect to iV and a, we find the following equations of 
motion in the gauge N = 1, respectively 



+ 



CD-I} 

+Kp - 



k 




2np 




D(D — 1) ' 


j a 








+ 




\ a 




\aj a z 



(12) 



d\nV D D D a 
In — 

dD C C a 



D 2 dlaV D 
2C dD 



0. 



D(2D - 1) D 2 



2C(D - 1) 2D 



(13) 



Using (B|) and flT2"|), the evolution equation of the space dimension can be 
obtained by 



D 



£1 

c 2 



2np 



- k5- 2 e~ 2C ' D 



(14) 



D(D-l) 

The continuity equation of the model Universe with variable space dimension 
can be obtained by (|T^) and (|T3"| ) 



d 
It 



D 



d 

+ P dt 



^) D v D 



0. 



(15) 



This continuity equation can be integrated for the case of dust or radiation 
to obtain the energy density like a function of time. For the radiation era, 
p = p/D, we have 



P = p eg e 



C(D/D eq -1) 



D eq ) 



C/D e 



V, 



V, 



exp 



D 



D ea D dD 



and for the matter era, p = 0, 



P = Poe 



c(d/d -i) Ye° 



(16) 



(17) 
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Table 1: Values of D P , C, log(5/l P ), 6, D f , D eq , |1 - Qj 1 ]. We take A) = 3 
and a = Hp 1 = 9.2503 x 10 27 cm. 



Dp C \og 10 (5/l P ) 8(cm) D f D eq 



-TT 



L 



3 +oo -oo 3.00 3.00 2.190 x HT 51 

4 1678.8 -182.270 8.6xl0~ 216 3.385 3.058 1.628 x 10" 61 
10 599.57 -26.03 1.5 x 10~ 59 4.401 3.168 6.577 x 10~ 88 
25 476.93 -8.28 8.4 x 10~ 42 5.001 3.214 2.783 x 10~ 103 

+oo 419.70 l P 5.501 3.245 5.227 x 10~ 116 



where D eq is the space dimension of the Universe when the scale factor is 
equal to the scale factor of the equality epoch 

We define Dp like the space dimension of the Universe when the scale 
factor is equal to the Planck length lp. Taking the scale of the Universe 
at D = 3 to be the present value of the Hubble radius Hq 1 and the space 
dimension in the Planck length to be 4, 10, or 25, from Kaluza-Klein and 
superstring theories, we can obtain from Eqs. (0) and (^) the corresponding 
value of C and 5. In Table 1, values of C and o for some interesting values 
of Dp are given. These values are calculated by assuming D = 3 and 
Hq 1 = 3000/io -1 Mpc = 9.2503 x 10 27 /i _1 cm. Since the value of C and 5 are 
not very sensitive to ho we take ho — 1. 



3 Inflationary cosmology with constant space 
dimensions 

Assuming the space dimension is constant and has an arbitrary value, we 
now formulate the inflationary cosmology in a constant D-space. The crucial 
equations are given by [1], |3[] 

2 167rp k 

ti = — — . - -= Friedmann equation, (18) 

D(D - l)M P a 2 

p + DH(p + p) = Fluid equation. (19) 



2 Note that Eq. (70) of Ref. (lj must be corrected by replacing D eq and p eq with Dq 
and po, respectively. For the radiation era, we cannot use the present values of the energy 
density po and the space dimension Dq. For the matter era, Eq. (71) of Ref. jjj is correct. 
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Inserting k = and the energy density and pressure of a homogeneous infla- 
ton field 



P 



2^ + ^(0), 



p = -</> 2 -vm 



(20) 
(21) 



in Eqs. ( |i"8|) and ([19|) , we are led to 

16n 



U 2 + Vffl 



(22) 
(23) 



D(D - l)M 2 P V2 
(j> + DH(j) = -V'(<j>). 

In a constant D-space the slow-roll conditions are defined by 

2 <K(0), -H^H 2 . 

Using these conditions, Eq. (^) and ( |2"3"| ) can be written in the simpler set 

16ttV(0) 



(24) 



D(D - 1)M] 



2 ■ 



(25) 
(26) 



DH<f> ~ 

During inflation, is slowly varying in the sense that its change per Hubble 



time, e = —H/H 2 is less than one [19 , 20] . The slow-roll condition |?7| <C 1 
is actually a consequence of the condition e < 1 plus the slow-roll approxi- 
mation DHcf) ~ —V. Indeed, differentiating Eq. (|26| ) one finds 



H<f) 



e-r], 



(27) 



where the slow-roll parameters in any constant space dimension are defined 

by 



H_ _ (D - l)M 2 (V^ 
H 2 ~ 32^ \V / 

16vr I V ) ' 



(28) 
(29) 
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The number of e- foldings between t{ and tf is given by 



Af = I*' H(t)dt = In ( ^ 



16tt 



{D-1)M 2 P J^ V 



"Id*. 



(30) 



For the chaotic inflation with the m 2 * 2 /2 potential, the solution of Eqs. (p5|) 
and (2^) are given by 



*(t) 
a(t) 



mMp D - 1 
2 V 2ttD 



47T 



a« exp 



M|(D - 1) 



* 2 i ~* 2 (t) 



(31) 
(32) 



Using the slow-roll parameters 



_ M 2 P (D - V 

and the failure of the slow-roll conditions 

max{e/; \ij f \} ~ 1, 

one concludes that 

* f = M P \ 



<D - 1 



8vr 



Substituting this value of *f into Eq. (|30"D, one can get 



A/" 



(33) 

(34) 
(35) 

(36) 



(D-I)MJ, 2' 

Considering the upper bound of the number of e-foldings, M > 60, we obtain 



>y^(D-i)M P . 



(37) 



From Eq. (|3^), we see that by the time * approaches zero the Universe has 
expanded by an inflating factor 



/ ~ l P exp 



M 2 (D-1) 



/pexp 



4ttMJ, 



m 2 (D -1) / ' 



(38) 
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where we use the condition fa < Mp/m. For m ~ 10 6 Mp, this implies that 
the inflationary domains of the Universe expand to 



/ ~ 10~ 33 exp 



4tt x 10 
D - 1 



12' 



(39) 



For 1 < D < 6 we have I > 10 1C|12 . In the limit of three-space, from Eqs. 
|3T)|, |3"T|, ESI), we obtain: 



y = M P /V47T, 
/30" 

0< > \ —M P w 3.10M P , 

V 7T 

A/" w 60, 

/ ~ 10" 33 exp(27rl0 12 ) > 10 lol2 cm. 
Inflation ends when t = tf. Using Eq. (|3l|) , one can obtain: 

t _ 2V2^D{fa-<p } ) 
f mMpyfET^l 



(40) 

(41) 

(42) 
(43) 



(44) 



For D = 3, we substitute the value of fa/M P and <f>f/M P from Eqs. (0,0) 
in Eq. (^4|) . Therefore, we obtain: 



t f ~ 7.71 x 10^ 37 sec, 



(45) 



where we take m ~ 1.21 x 10~ 6 M P , see 21, 22 



4 Chaotic inflation with time-variable space 
dimensions 

Let us now study the inflationary cosmology when the space dimension is a 
dynamical parameter. To do this, we first write down our formulation for a 
general potential and then use our results in the m 2 2 /2 potential. 



4.1 General formulations 

To study inflation in the framework of the model Universe with variable space 
dimension, the crucial equations are obtained by substituting Eqs. ( pUD and 
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T[) into Eqs. (|12|) and fllpp. Therefore, one can find 

IQty /l • \ k 
H 2 = — — - - j9 ( -0 2 + V(0) ) Friedmann equation, (46) 



D(D -l)Mj>\2^ vr V a 

+ + Z>0 [in — + | = -V'U) Fluid equation. (47) 

\ a aL> y 

In the case of dynamical space dimension, the slow-roll conditions are the 
same as in that of constant space dimension, see Eq. (|24|). It is worth 

mentioning that in the slow-roll condition <C DH(p, where D is a dynamical 
parameter. When inflation starts, the curvature term can be neglected, k = 
0. So, in the slow-roll approximation, Eqs. (|Hf ) and ( f4~T|) lead to 



16ttV(0) 
D(D-l)Ml' 



n 2 - («) 



M0 + i)^(ln- + ^^] (49) 
V clq dlJ J 

where Vd is the space-like section for k = and 

_=ln Xc+ -l n .-^(_ + l). (50) 

Here Euler's psi function ^ is the logarithmic derivative of the gamma func- 
tion, if)(x) = T'(x)/T(x). Substituting the dimensional constant (§) into Eq. 
fl48|), the dynamics of the space dimension is given by 



16ttL) 3 V(0) 
C 2 (D- 1)M 2 ' 



^ 2 - ^ u /n ,;r 2 - (si) 



Using Eqs. (fig) and (ffij), one can find 

Hd> = d(±-±*^) ~ 7? ' (52) 

^ ^ VA) C dD ) 

where the slow-roll parameters in the variable space dimension are defined 
by 

= H _ (D-l)M 2 (V>\ 2 D(1-2D) 

H 2 ?> 2«D(±-±^)\V)^2C{D-iy 1 ) 



12 



(D-l)Mj, /V"\ 

^2 i D 2 d 2 lnV D , D /i _o_ , dlnVp ' 

C 3 C 2 dD 2 "T" g 2 P 2 V 111 a dP / /p-.N 

\D C dD ) 

Note that in the limit of C — > +oo and D = Do, these slow-roll parameters 
approach Eqs. ( pl|) and (p9|), respectively. 

One can get the critical density^ by taking = in Eq. (12) 

(55) 

^° 167T V ' 

From Eqs. ( |i~2"D and (|55|) , the present value of Q can be obtained by 

C^ = l+ * (56) 

Here our treatments are based on recent observational data Qq — 1. Substi- 
tuting k = and f2o = 1 into Eq. (|56"D, we obtain 

a = tf- 1 = 9.2503 x 10 27 cm. (57) 

Using Eqs. (||) and (|57|) , one can find the value of C and S for Dp = 4, 10, 25, 
and +oo with D = 3, see Table 1. 



4.2 Chaotic inflation with variable space dimensions 

In variable space dimensions, the general potential for chaotic inflation can 
be taken as V oc <p a . In higher dimensions, the value of a should be specified 
so that the theory could be renormalizable. We are interested now in study- 
ing the simplest chaotic inflation with the m 2 2 /2 potential in the model 
Universe with variable space dimensions. We begin by calculating the num- 
ber of e-foldings. To do this, one needs the value of |1 — Using Eqs. 
fljjD and (|55|), we are led to 

1 lGnpfdj 



3 Substituting k = and p — pc in Eq. ([lq), one gets the same expression for pc as 
when the space dimensions are constant. So, the definition of pc is the same regardless of 
whether the space dimensions are constant. 
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where the subscript / denotes the value at the GUT epoch, i.e. P f = Pgut, 
df = clout, Df = Dqut and |1 — fij 1 ) = |1 — ^gc/tI- We are g° m g to obtain 
the value of |1 — tlj 1 ] in Eq. d58|). To do this, we must know a^, .Dj, and 
Pf. To obtain the value of cif, we start from the equality time, go back in 
time, and follow the standard cosmology. At some time t = t eq in the past 
(corresponding to a value a = a eq and redshift z = z eq ) the radiation and 



matter will have equal density and we have [23] 



(l + z e g) = — ~3.9 x 10\Qh 2 ). (59) 

Once the temperature of the radiation grows as a -1 , the temperature of the 
Universe at this epoch will be 

T eq = T now (l + z eq ) = 9.24 (Q h 2 ) eV. (60) 

Using Tf ~ 10 24 (ft h 2 ) eV and thanks to the fact that (a,f/a eq ) = (T eq /Tf), we 
obtain a/ ~ 2.19cm. Substituting this value into the dimensional constraint 
(f|), the corresponding value of Df can be obtained. The space dimension 
D = D eq , when a = a eq , can be obtained by Eqs. (f|) and (|59|) , see Table 1. 
From Eq. (|TT|), the energy density at the time t = t eq is given by 

p eg = Poe c ^ D ^^. (61) 



Substituting this into Eq. Qlq) , one can get the energy density at the GUT 
epoch 

Qf _ One C(D eq /D -l)Y£v_ C(D f /D eq -l) (jDA C/Deq YEZL 

pf Po v Deq e \D eq ) V Df 

X eXV {-L q dD D^D-)- (62) 

Based on recent observational evidence where Qq = 1 to high accuracy, we 
have 

po = n oPc = 1.88 x l(T 2 % 2 gr cm" 3 = 8.10 x 10" 47 /io 2 GeV 4 . 

In Eq. (^), it should be noted that the value of space-like sections is for 
k = 0. So, from Eq. (]10|) one gets 

r D f , 1 d\nV D /, hi7r\ D f 1 r D i 1 , f D \ 
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From Eqs. (|58|), (|62j) and (|63|), one finds the value of |1 — fh \, see Table 1 

To calculate the number of e-foldings M = ln(ay/aj), we use Eq. ( (5"8|) for 
some finite time interval t 6 [tj, tf] of the inflationary epoch 



p^ii-r^i _ Pf a}\i-nf\ 



A(A - 1) D,{D f 



(64) 



The inflaton is like a little ball that rolls down the potential hill. Near 
the top of the potential the slope is very small, so the roll is slow and V{<p) ~ 
const. In other words pi ~ pf. Considering pi ~ pj and f2j w 0(1) and using 
the dimensional constraint M), one can write down Eq. (|64"D as 



«/W i W i +1 (65) 



a,- 



J_l n ^I_J_ lJ.l n ^I_J_ 1 / II - o- 



From this equation, we find the value of M by numerical calculations. The 
initial size of the Universe ai at the beginning of inflation is given by a« = 
a f exp(— J\f) . Using the number of e- folding and Eq. (|J) , it is easy to calculate 
the space dimension Di at the beginning of inflation. The values of Af, Di 
and etj are given in Table 2. 

It is worth mentioning that for Dp > 25, Di takes a negative value. Also 
for Dp = 10, Di exceeds the value of Dp; in other words Oj is smaller than 
the Planck length. This means that the inflationary period of the history 
of the Universe with variable space dimensions with Dp = 10 takes place 
before the Planck epoch. This is even more surprising when one realizes that 
during inflation a region of initial size is Al ~ lp ~ 10~ 33 cm. Therefore 
we rule out the cases with Dp > 10 in the model Universe with variable 



Hi should be noted that in the limit of constant space dimension, we have 



C/D eq /n „ x c/r> e , 



lim [ | = lim [ — In — 

C^ + oo\D eq J C^ + oo\C t 

and also 

lim e CWn*«-i) = (^) D \ 
So, from Eqs. ( p8| ) and (|6^), one gets in the constant three-space 

|1 _ = 3M " P 4 ~ 2.190 x 1(T 51 . 

8np eq (a eq /af) a 2 f 
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Table 2: Values of Af, D^ a,, <fif/Mp and fa/Mp. We consider the value 
of Dp, C, and 5 as given in Table 1. Since for Dp > 10 the value of Di is 
negative, the values of (pf/Mp and <pi/Mp are not calculated and are denoted 
by a star. 



Dp 


C 


TV 


A 


a; (cm) 




(j) f /Mp 


fa/M P 


3 


+oo 


58.32 


3.00 


1.025 x 10" 


-25 


1/V^TT 


3.060 


4 


1678.8 


69.80 


3.939 


1.063 x 10" 


-30 


0.290 


3.491 


10 


599.57 


98.97 


16.084 


2.282 x 10- 


-43 


0.304 


4.512 


25 


476.93 


116.42 


-22.653 


6.024 x 10" 


-51 




★ 


+oo 


419.70 


132.25 


-7.500 


8.035 x 10" 


-58 







space dimensions. In what follows, we will be particularly interested in the 
case Dp = 4 and C = 1678.8 for which inflation begins from an initial size of 
about tjj ~ 10~ 30 cm ~ 10 3 xZp and with an initial space dimension A ~ 3.94. 

Let us now describe how to obtain the initial and the final value of the 
inflaton field denoted by fa and 0/, respectively. The end of inflation is 

marked by the failure of one of three slow-roll conditions, see Eq. (|34|). 
Taking e/ — rjf = 1, one can use Eqs. Q53|) and (0) to calculate 4>f/Mp 



Mr 



D 



f 



1 



(66) 



It should be noted that we neglect the second term on the RHS of Eqs. 
(|53|) and (0), because these terms are independent of the shape of the infla- 
ton potential and make a small contribution to the value of e and rj. Using 
Eq. (§§), one can find <f> f /M P = 0.290 for D P = 4, see Table 2. Notice the 
value of 4>f/Mp depends on \c- We take Xc = 1 in the comoving coordi- 
nate which is about Planck length in the physical coordinate at the Planck 
time. For more details about the value of xc, see Ref. 0. Using Eqs. fl5|), 
dD-(El), Jt is easil Y shown that 



Mi 



C 



D 



dD'(D' 



+ 



AlT\ J Di D' 3 
(iWp) ' 



i 

Do 



h ln Xc - ^ In Ti + T^ip (f + 1 



(67) 
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Using a fine approximation, one can neglect the term including the Euler's 
psi function, being in the order of 1/C, with respect to D -. Therefore, Eq. 
can be written as 



Mr 



c 


" 1 

Di 




2D i j D 


(' 


2D J 


47T 


1 

Do 


i ln Xc - 


1 

2C 


ln7T 





+ 



Mr 



(68) 



Substituting = 0j, D = Df and the corresponding values of C and D into 
Eq. (H), one can get 4>i/M P = 3.491, see Table 2. Using Eqs. (D and (H), 
one can find a relation between and a(t) which is given by 



Mr 



47T 



Dj ' 2C a,i) aj 

W ~ h^Xc- ^Invr 



+ 



Mr 



(69) 



5 Concluding remarks 

In this paper, we study a simple model of chaotic inflation by assuming the 
space dimension as a dynamical parameter. For both constant and variable 
space dimension, at the end of inflationary epoch, we assume the Universe 
would have grown to the size of a ping-pong ball. This is based on cosmo- 
logical data and we describe how to derive it. 

In the model, there is a free parameter, called C. For different values 
of C corresponding to D P = 4,10,25 and oo, we calculate the e-folding 
number. To obtain the number of e-foldings A/, we repeat the analysis of 
the inflationary cosmology in three-space. For Dp = 4, 10, 25 and oo we get 
M ~ 70, 99, 116 and 132, respectively. The dynamical character of the space 
dimension increases the number of e-foldings (for constant three-space, we 
have 58 e-foldings). Using these e-foldings, we obtain the initial and final 
value of the inflaton field. There is a small shift in the value of <pi and 0/ to 
larger values. 

Using the number of e-foldings, we also obtain the size of the Universe at 
the beginning of inflationary epoch. For Dp = 10, 25 and oo, inflation starts 
from an initial size less than the Planck length. We know that in three-space 
the initial size of the inflationary epoch is in the order of the Planck length. 
Particularly, for Dp = 25 and oo the initial size is less than the minimum size 
of the model 5 and also the Planck length lp. For Dp = 10, the initial size is 
bigger than 5 and smaller than lp. So, we rule out the cases of Dp > 10 in 
the model and conclude an upper limit for the space dimension at the Planck 
length, Dp < 10. Our result for an upper limit for the space dimension at 
the Planck length is in agreement with our previous result in 0. Here, we 
take Dp = 4 corresponding to C = 1678.8. 
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